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Let J g be measurable non-negative functions on R, and let f, g be their 
equimeasurable symmetric decreasing rearrangements. Let F: R x R + R be 
continuous and suppose that the associated rectangle function defined 
by F(R) = F(a, c) + F(b, d) - F(a, d) - F( b, c) for R= {(x, y)~R*l a<x<b, 
c<y<d}, is non-negative. Then [F(f,g)dp<SF(f,g)dp, where p is Lebesgue 
measure. The concept of equimeasurable rearrangement is also defined for functions 
on a more general class of measure spaces, and the inequality holds in the general 
case. If F(x, y) = -cp(x-y), where cp is convex and ~(0) = 0, then we obtain 
I cp(f-g) dp <I cp(f-g) dp. In particular, if q(x) = 1x1”, 1 <p < +co, then we find 
that the operator S:f-fis a contraction on LJ’ for 1 <p< +co. 0 1986 Academic 
Press, Inc. 
I. INTR~DUCTI~N 
While studying the paper of Beckner [2] in a problem seminar conduc- 
ted by the senior author at Columbia University, Zweibel attempted to 
prove that the operator ,S:f-+ S’ which transforms a non-negative 
measurable function f on R” into its non-increasing equimeasurable 
spherically symmetrical rearrangement Sf, is continuous on L,(R”). Crowe 
conjectured that S is actually a contraction on L,(R”) for p > 1. We then 
each found proofs of this and of a considerable generalization. 
It seemed incredible that such a simple property of S should be new. Yet 
we have not found it in the classical literature on rearrangements by 
Hardy, Littlewood, and Polya [4], F. Riesz [6], Polya and Szegij [5], 
Sobolev [9], and’ Zygmund [ 111, and it was not known to any of the 
experts to whom we wrote. (Calderon wrote us that he also found a proof.) 
Subsequently we have been informed that the contraction property of S 
on L, is folklore in certain circles. It seems to have been discussed in a 
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seminar of F. J. Almgren at Princeton in the 1970s. E. H. Lieb and B. 
Simon obtained the result some years ago but never published it. All these 
proofs, as well as our original three, seem to use approximation off and g 
by step functions. After learning of our results, Lieb and H. Berestycki 
found a generalization of Theorem 3 below 
The referee’s report on our first version suggested an identity like (9) 
below for sufficiently smooth F, and sketched an argument involving 
approximation of a general F by smooth functions. Subsequently we found 
(9), and the present simple direct proof, which requires no approximations 
at all. 
Two observations on the classical work were suggestive. First, the 
argument in [4, p. 2611, to prove (6) below in the case F(x, y) = xy uses 
only property (3) below of this function. Second, it seems that many of the 
properties of the operator S depend only on the fact that the closed balls 
with center at the origin are simply ordered with respect to inclusion. 
II. DEFINITIONS, NOTATIONS, AND STATEMENTS OF RESULTS 
Let (G, ,u, 9X) be a measure space, 9R being the family of measurable sets. 
We suppose that 5 is a family, 3 c 9X with the properties: 
Pl. 5 is simply ordered with respect to inclusion; 
P2. For every B E ‘9R there is an A E 5 such that p(B) = p(A ); 
P3. For AE~ 
A=n{BIBE5,~(B)>~L(A)}. 
Of course, by Pl, the A in P2 is unique. We shall denote it by M(B). 
Let f be a non-negative measurable function on 6 such that for each 
A>0 the set 
qn,= (XEG~f(X)bl~} 
has finite measure. We define its rearrangement Sf by 
(Sf)(x)= s~P{4-=w~JJ~,,). 
It is now easy to verify that 
so that Sf is an equimeasurable rearrangement off: If 6 = E”, p = Lebesgue 
measure, and i’j is the family of closed balls with center at the origin, then 
this reduces to the usual spherically symmetric non-increasing 
rearrangement off: (See [3] for n= 1, [4] for n> 1.) 
580*66 3.11 
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If 6 has finite measure, then for any real valued measurable function f 
on 6, EJA) has finite measure for all J.E R, and so its rearrangement 5” 
may be defined by the same formula as above. In this paper, for the sake of 
simplicity, we shall assume that our functions f and g are non-negative, and 
that EAA) and E,(A) have infinite measure for A = 0. 
We wish to prove that if p > 1 and f and g are nonnegative functions on 
R” with Q(A), E,(A) of finite measure for A > 0, then 
IIw-wp~ If-sll,. (1) 
This result is contained in Theorem 3 below. 
Let F:R’+R be measurable, and for any rectangle 
R = ((x, y) E R2 1 a < x < b, c < y < d} we define the associated function of 
rectangles by 
F(R) = F(b, d) + F(a, c) - F(a, d) - F(b, c). 
THEOREM 2. Suppose that F satisfies 
F(0, 0) = 0 
and 
F(R)>0 forallR. 
(2) 
(3) 
Zff, g are any non-rzegative step functions on 6 then 
Zf p(G) < + 00, condition (2) and the assumption that f and g are non- 
negative may be omitted. 
This is an essentially elementary combinatory result, and requires no 
limiting processes. Our proofs, while not difficult, were all somewhat com- 
plicated, and will not be given here. One of our proofs reduced (4) to the 
special case (6) below. 
We shall present in this paper a proof of 
THEOREM 3. Suppose that F is continuous and satisfies (2) and (3), and 
that f and g are non-negative measurable functions on 6 with ,u(E,(L)) and 
p(Eg(A)) finite for all A> 0. Then (4) holds. 
If F(x, y) = -cp(x - y), where cp is convex and ~(0) = 0, then F satisfies 
(2) and (3) and is continuous. We obtain 
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COROLLARY 1. Zf cp is convex, rp(O)=O, and f, g are nonnegative 
measurable functions on 6, then 
j cp(sf- sg) 4 G j df- g) 4. (5) 
Zf cp( G) < +oo, then the condition that f > 0 and g > 0 may be dropped. 
The case F(x, y) = xy satisfies the conditions of Theorem 3. In this case 
(4) reduces to a result in [4, p. 2781. 
The special case: 
THEDREM 1. Zf a = { ak }, b = { bk >, 1 < k < n, are sequences of real num- 
bers and a, 6 are their non-increasing rearrangements, then 
cF(ak, bd<C F(a,, 6,) 
is elementary, but may be of interest in itself. The special case F(x, y) = xy 
is in [4, p. 2611. 
III. THE SIMPLEST CASE 
If a = {ak }, 1 d k < n, is a finite sequence, then we shall use 
Sa = ii = { Gk} to denote the non-decreasing rearrangement of a. 
THEOREM 1. Zf a and b are sequences in R, then 
Proof. Without loss of generality, we may assume that b = b. If a # a, 
let k = k(a) be the smallest index j such that a, # ii,, and let & = a,,,, m > k. 
Since a, < ak, condition (3) implies that 
F(ak, bd + F(a,, b,) G F(a,, bk) + FL b,). 
Thus the sum on the left in (6) is not decreased if ak and a, are 
interchanged. Hence we obtain a new sequence a’ for which 
k(a’) > k(a), ii’ = ii. After at most n - 1 steps, this process relates a by ci, 
and the result follows. 
This is the special case of (4), where 6 = { l,..., n}, h(A) = the number of 
elements in A, and 5 is the family of segments {Jo 6 lj 2 k}, 1 <k <n + 1. 
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IV. THISOREMS 2 AND 3 
We shall not give a proof of Theorem 2 here, since that of Theorem 3 is 
so much simpler. Later we shall discuss the extent to which Theorem 2 is 
not covered by the latter theorem, which we consider a matter of technical 
interest. There are two points, however, which may be of more general 
interest. 
The first is that Theorem 2 can be reduced to the case where 6 is R, p is 
Lebesgue measure, and iJ is the family of intervals [0, c], c E R, c B 0. 
The second is that if we use the notations 
4.L g) = j fu g) 4 
and 
ws, g) = Z(X %) - Z(f, g), 
f=fqx(A,), g=fbkX(Bk)Y 
0 0 
where x(A) = x(A, .) denotes the characteristic function of the set 
A, {A,;O6jdm} and {B,;Odk<n} are partitions of 6, and 
O=uo<a~ < ... <a,, O=b,<b, < ... <b,, 
and 
Y,k = 144, n Bkh 
then we obtain a formula of the form 
(7) 
Here, for each r and S, plS has the form 
where W is a subset of (0, l,..., m} and {b,,,,} is the increasing 
rearrangement of the sequence {b,,,,}. Thus prs 2 0 follows from Theorem 
1. Our proof of (7), (8) is completely elementary but somewhat com- 
plicated. 
We now proceed to the proof of Theorem 3. 
By Saks [8, pp. 64681, the non-negative function F of rectangles can be 
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extended to a measure, such that all rectangles are measurable. We shall 
denote this measure also by F. Let R, be the rectangle 
and let 
denote the characteristic function of R,,, where q is the Heaviside function: 
q(x) = 1 for x 2 0, q(x) = 0 for x < 0. iet Q be the quadrant 0 Q c(, 0 d ,& 
Then we have 
s xx@‘= F(R,)  F(x, v) - F(x, 0) - F(O, y). (9) Q 
Hence we find that 
KA g) = j FM g) & = j F(f, 0) dcc + j W4 8) 4 
+ j-1 ?(f-~)v(g-P)dFd~, 
Q 
and by Fubini’s theorem, we obtain 
The first two terms are invariant under the transformation f- Sft g + Sg. 
Hence the theorem is reduced to the special case F= Qls. Let 
J(f, g) = 1 @a&f, 8) 4. 
We see immediately that 
m g) = A&o4 f-l qm. 
It follows that 
Since p(A)<p(B) implies that M(A)cM(B), and p(M(A)) = p(A), we 
infer that 
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We conclude that 
Z(f, g) d 4% f&F). 
V. CONCLUDING REMARKS 
Theorem 2 is valid without the condition that F be continuous. Further- 
more, the proof only uses the finite additivity of p, so that the result is valid 
more generally if p is a non-negative charge (see [ 1, 7, lo]). 
The hypothesis that F be continuous is used only in the proof of (9), 
which depends on Theorem 6.2, p. 68, in [8], that rectangles are 
measurable with respect o the measure associated with F. For this it is suf- 
ficient that the rectangle function F(R) be continuous [8, p. 591, that is, 
given any rectangle R, and E > 0, there is a 6 > 0 such that F(R) < E for all 
R c R,, whose area is less than 6. This suggests some extensions of the 
result. Any proof involving approximation off and g by step functions or 
of F by smooth functions is likely to require some additional hypothesis 
on F. 
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